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Abstract 



applies to any hyperelliptic Riemann surface. Our discussion includes a demon- 
. stration of our methods with the case g = 1. 
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1 Notations and conventions 



Let N (resp. No) be the natural numbers excluding (resp. including) zero. We mainly 

use the notations introduced in [4]. For t e H^, the complex upper half plane, let 
q = e^"' ^ as usual. For any A: G Z and any Laurent expansion 



let [R{q)]k '■- cikq^- Let Fi - SL{2,Z) be the fuU modular group associated to the 
lattice - Z.r + Z.l where t G H"^. We shall use the standard notations for G2k, 
and A (cf. [6]) and the following identity: 



2 Introduction 

The present paper continues the program of determining the A^-point functions of holo- 
morphic fields of rational conformal field theories (RCFTs) on arbitrary Riemann sur- 
faces. So far we have depicted a recursive way, using tools from algebraic geometry, 
to compute the Virasoro A^-point function on a hyperelliptic Riemann surface of genus 
^ > 1 [4]. The formulas involve a finite number of parameters, notably the zero- and 
the one-point function (1) and (T), which must be tackled by different methods. For 
the (2, 5) minimal model on the torus, (1) and <T) are interrelated by two first order 
ODEs in the Teichmiiller parameter The solutions to the resulting second order ODE 
for (1) are the well-known Rogers-Ramanujan partition functions. This classical exam- 
ple generalises work by Kaneko and Zagier [7]. Differential equations in the modular 
parameter for characters have been explored in the late 1980s as a method to classify 
RCFTs (see e.g. [5]). We explicitely construct these equations for the (2, v) minimal 
model with v = 5, 7, 9, 11, 13. We show how to obtain the corresponding equation for 
the zero-point function on hyperelliptic Riemann surfaces and check the result for the 
(2,5) minimal model and g = I. The check works. 

3 The Serre differential equation 

3.1 Analytical calculation of the Virasoro A^-point function in the 
(2, 5) minimal model 

In local complex coordinates z, w, the Virasoro OPE has the form 




Ei2^-^(44lEl + 250El). 



(1) 



Here c g C is the central charge of the theory, and 




(T(z) + r(w)) + <D(w) + 0(z-w). (2) 



0(w) ■.= NoiT, r)(w)- 



Tjw) 
2 



where 



No{(p,(f>){w):= lim [^ci(z) ® 0(w)], 



Ireg. • 
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Here [T(z) ® 7"(M')lreg. denotes the regular part of the OPE. Note that this is symmetric 
in the fields since by gi we actually mean the symmetrised tensor product. We consider 
a conformal field theory (CFT) over the torus X = C/A^ with the property that the 
space of the holomorphic fields of dimension /j = 4 is one dimensional, i.e. 

^ = l^4-'^]d'T, (3) 
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for some K e C. The model, in which (3) holds true, is referred to as the (2,5) minimal 
model. Of course c = -y and = 1 is such a theory, but our calculations will show 
that anyhow. For any N > I, the Virasoro A^-point function {T{zi) ® • • • ® T{zn)) 
(henceforth denoted by {T{zi) . . . T{zn)) [4]) is an element of 

CipiZllT), p'izllT), piZNlT), P'{Zn\t))IJ , 

where p is the Weierstrass function associated to A, 



piz\T) = 4 + y ' It — - — ^ - , ^ A ' 

z yyz-m- my (m + my ) 



p' = dpidz is its derivative, and J is the ideal defined by 



: 4(x^ - 3OG4X - 70G6) , 



for the holomorphic Eisenstein series G4 and Ge of weight 4 and 6, respectively. For 
N - \, there actually exists a covering of X by coordinate neighbourhoods for which 
{T{z)) = (T) is constant. Comparison of the singularities in (4) and the OPE (2) yields 

{T(z)Tm = ^<1)p"(z|t) + 2{T}p(z\T) + C, (5) 

where C is constant. Since about z = 0, 

Piz\T) = z'^ + (>Gi£- + 0{z^). (6) 

we find 



(Aro(T, T){w)) =C + cG4(l> = <<D(w)> 

But in the (2, 5) minimal model, {3>) = by eq. (3), so 

C = -c<l)G4 . (7) 

The Virasoro two-point function in the (2, 5) model is completely determined by the 
zero and one-point function. This result has been found previously by [2]. 



3.2 Higher A/^-point functions 

It is worth mentioning that the method allows the computation of all higher A'^-point 
functions of the Virasoro field by recursion. For A? = 3 we have 

{T{z)T{w)T{u)) 

= 7^^<T> + {{T{z)T{u)) + {T{w)T{u))} + {^{w)T{u)) + 0{z - w). 

(z - wY (z - wY 
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On the other hand, the general form of the three-point function, considered as a function 

of z, is 



{T{z)T{w)T{u)) = -^(T) 



iz 


-W)4 




1 


(z 


-W)2 




' { 


iz 


-wy 



{^<l)p"+4<T)p + 2C} 



+ iz- wf{^{l)p^'^ + {T)p + mw)Tiu))] 

+ Oiz-w). (8) 

Here and henceforth we denote by p*' for A: > the function d'^piw - u\t), where 
p*"' = p. We have omitted the (z - w)"'-term which will drop out as the symmetry 
between z and w is restored. On the other hand, considering the singularities and the 
symmetries between z, w and u yields the ansatz 

{T{zmw)T(u)) 

= A {p"iz - w\t) + p"{z - u\t) + p"{w - u\t)} 

+ B {piz - w\t) + piz - u\t) + p(w - m|t)} 

+ C {piz - w\T)piz - u\t) + p(w - z\T)piw - u\t) + p{u - z\f)p{u - w|t)} 
+ bp{z- w\t)p{z - u\t)p{w - u\t) 

+ E, A,B,C,D,E eC. (9) 

By comparison with (8), we conclude 

A = ^<T), B = 12C, C = 2<T>, D = c<l). 
In the (2, 5) minimal model, we have by eq. (7), 

B = -12c<l)G4 . 

Moreover, by eq. (3), 

(3K 1 \ 
— --\dl{Tiw)Tiu)) 

so the coefficient of (z - w)" reads 

For the term of order zero, we obtain a cubic equation in p, 

(3c - 3Kc) p^ + i(5c + 40 - 18K) {T)p^ - 54c(l -K)G4{l)p + E = 0, 
where E = E + (-9c - 60 + 36K) G4 (T) + 84cis: Ge (1). 
The equation is satisfied iffA'=l,c = -y, and 

78 1848 
£ = -yG4<T) + — Ged). 

In particular, (TTT) yields 1-point functions of Nk{T,N({T,T)). More complicated 
fields are treated analogously. 
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3.3 Analytical calculation of the Virasoro /^-point function in the 
(2, 7) minimal model 

Let us now consider a CFT on C/F^ with the property that 

ad^T + ^NoiNoiT, T), T) + yNo{T, d^T) + dNoidT, dT) ^ , (10) 

a,yS, . . . € F not all zero . 

(In the (2, 7) minimal model, the second singular vector occurs at level 6, cf. [1], p. 

243, subsequent to table 8.1.) 
From the Virasoro OPE follows 

(T(z)Tm = S^(l)p"(z\T) + 2(T)p(z\t) + C 

= ^<1) + ^<T> + (C + cG4<l» + z^(12G4(T) + lOcGe) + O(z^) , 



z 



so 



dliTizmO)) = .^{DpW^zlT) + 2{T)p"(z\t) 
12 

= ^<1) + ^<T> + 20cG6<l) + 24<T)G4 + O(z^) 
^ (Noid^T, T)(w)} = 24<T)G4 + 20cG6<l) (1 1) 

Since odd order derivatives of p are odd, 

d,d„{T(z)T(w)} = - dl{T(z)T(w)) 
^ {NoidT, dT){w)) = - {Ndd^T, T){w)) 
For {No(Nq(T, T), T)} we have by eq. (10) and the fact that <T) = const., 

{NoiNoiT, T), T)) = l^{No{T, d^T)) , jS, y e F, providedyS ^ . (12) 

The constant ^ can be determined independently and is thus assumed to be known. 
Also, the central charge of the (2, 7) minimal model is known to be c = -y . Compar- 
ison of eq. (8) with eq. (9) yields 

<<D(w)r(M)) = - 2c{l}p^ + (c + 8)<T)p2 + (24C + 60cG4<l))p + E 

where 

E = E-i9c + 60)G4(T) + 140cG6<l) . 

So {(^{w)T{u)) is known upon knowledge of (1), (T), C, and E. To determine E, it is 
sufficient to know (NoiO, T)). By eq. (12), 

(Aro(0, T)) = {NoiNoiT, T) - ^d^T, T)) 

= {NoiNoiT, T), T)) - ^{Noid^T, T)} 

= i^-\){Noid^T,T)). 

But {Noid^T, T)) is given by eq. (11). We conclude that in the (2, 7) minimal model, 
the Virasoro three-point function is determined by the zero, and the Virasoro one- and 
two-point function. 
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3.4 The system of differential equations 

The zero-point function (1), or character, of any CFT on X is a modular function w.r.t. 
some subgroup of Fi in the Teichmiiller parameter. It satisfies the ODE [2] 

^<1> = 7^. £inz)) dz = r^<T) . (13) 

Here the contour integral is along the real period, and j>dz = 1. We see that (T) is a 
modular form of weight two. Insertion of the Virasoro field defines a variation of the 
conformal structure [2]. In the (2, 5) minimal model, we find by (5) and (7), 



27rj^<T) = (£{T{w)T{z)) dz = -4<T)G2 + y G4<1) • (14) 



Here Gi is the quasimodular Eisenstein series of weight 2, which enters the equation 
by means of the identity 



1 

p{z - w\t) dz = -IGiiT). 



Jo 

In terms of the Serre derivative 

1 d t 

'^iC^^-t-tEi, (15) 
2m OT o 

the first order ODEs (13) and (14) combine to give the second order ODE [3] 

^^°^«<1>=3^^^<1>- 
The two solutions are actually the well-known Rogers-Ramanujan partition functions 



/1\ 11 ^ 11 

^ iq)n 



n>0 



(1)2 =q — = q 60 + . 



Here {q)n is the ^-Pochhammer symbol 

(q)n = (1 - ^)(1 -q^)...(l- q"-')(l - q") . 

3.5 Generalisation to higher order modular ODEs 

To the (2, v) minimal model, where v is odd, we associate the number 

V- 1 

M = — — (16) 



and the sequence 



(v - 2sf 1 

.. = 4^-^, .= 1,...,M. (17) 
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The Ki, . . .,km parametrise the characters of the (2, v) minimal model [1], where the 
character corresponding to Ks is 

Z ln'An+B'n 

Here 

r=^, A=C(Ai)®C(r,ri eQ^^ B e Q^ 

C being a Cartan matrix. The diagram of Tr is the diagram of Air folded by its Z2 
symmetry. 

It turns out that (1) , satisfies an Mth order ODE. Denote by I)*: the Serre differential 
operator (15). For m>l, 

D" := D2(„-i) o . . . o D2 o Do 

is an order m differential operator mapping a modular function into a modular form of 
weight 2m. We set X)*^ = 1. We make the following ansatz: 

M-l 

0(v,2) ^ ^ 2 Sl2(M-^)'X)'" , (19) 



were the second summation runs over all modular forms Q2(M-m) on Fi, of weight 
2(M - m). Since there is no modular form of weight 2 on Fi, the M-l term is absent. 

"Theorem" 1. Let 3 < v < 13, v odd. The characters of the (2, v) minimal model 
satisfy 

D^^''^\l) = , (20) 

where D^"-^^ is given by (19) with 

^2(M-m) = amE2(M-m) , 2 < M - m < 5 , 

Qi2 = aoEn + ao,cuspA . 
Here for k> \, E2k is the holomorphic Eisenstein series of weight 2k, 

A=^(^|-^.^) 

is the discriminant function, and the nonzero numbers and ao,c(«p <f ^ given by the 
table below. 



1 



(2,y) 


(2,3) 


(2,5) 


(2,7) 


(2,9) 


(2,11) 


(2, 13) 


M 


1 
i 


L 


i 


4 


c 

J 





Km 



u 


1 

60 


1 

42 


1 

36 


1 

33 


5 

156 


Om 


1 


1 


1 


1 


1 


1 


Om-I 




11 

602 


5-7 
42- 


2-3-13 

362 


11-53 
22-332 


7-13-67 

(156)2 


OCM-i 






5-17 
423 


23-53 

36-3 


3-5-11-59 

23-333 


23-13-17-193 
(156)3 










3-11-23 
36" 


11-6151 

24.334 


5-11-13-89-127 
(156)" 


om-s 










2"-17-29 
335 


23-3-5-13-31-2437 
(156)5 


OlM-b 












5"-72-23-31-67 
(156)'' 


^M-6,cusp 












52 -7-11-232-167 
25-32.134.591 



The nonzero coefficients in the order M differential operator, km has been added to the 
table to explain the standard denominators of the ar„ (and mark deviations from them). 



Remark 1. The prime 691 occurring in the denominator of a M-6,cusp disappears when 
a different basis is chosen: Using the eq. (l),we can write 



52 -7 -23 /53- 1069 „3 6047 2 



aoEn + ao,cuspA = - y . 35 . E, + -^E^ 

Proof. We have 

(1), = /(I + Oiq)) . 

The lowest order contribution [^('''^^{l)];^ gives rise to a degree M polynomial in k, and 

M 

[D^'''^^W=Y]('<-K,)q\ (21) 

i=i 

since (I);,, e keiD^'''^\ for / = 1, . . .M. For 2 < < 5, the space of modular forms 
of weight 2k is spanned by the Eisenstein series £2*, while for k - 6, the space is two 
dimensional and spanned by £12 and A. However, only the Eisenstein series have a 
constant term, so that actually all coefficients af,'^^ are determined by eq. (21). Note 
that vanishing of the coefficient am-i of D"^"' is equivalent to the equality 

M M 

Z^=Z«- (22, 

(=0 s=\ 

because the l.h.s. of eq. (22) is the coefficient of k'^'^ iff q^''[T)'^~^]Qq'' is absent. In 
order to determine ao.cusp, we consider the next highest order [D'-'^'^\1)]k+i for some 
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character. (Since modular transformations permute the characters only and have no 
effect on D'-'^'^\ it doesn't matter for which character we do the computation. A con- 
venient choice is of course the vacuum character of the model which is of the form 

Our numerical computations provide strong evidence for the characters to solve the 
differential equations to all orders in ^. □ 

It is actually known how many terms have to be checked for a numerical proof. We 
multiply the Ramanuj an partition function (1)2 corresponding to K2 = by rf-^^. The 
result, 



1 



has no pole at g = (r = ioo), since r] ~ A^^"^, where 



1 



1728 



so T] 



2/5 



qf-o . Let (f>2 be the function obtained by multiplying the Ramanujan 

60' 



partition function corresponding to K\ = ^, by 77^^^ 

1 



02 = if'^q'^ W 



n>0 



(1 - ^5«+2)(l _ ^5n+3) 



(p2 has no branch point because rj'^q'^ ~ q^ and the translations in r(5) are t i-> r + 5 
(which leaves q^ invariant). (pi,4>2 have weight ^ (with a suitable multipher system) 
on r(5). The ring of holomorphic modular forms of weight on r(5) (with a suitable 
multiplier system) is the polynomial ring C[(pi,((>2]- 
Now X)^{1) has weight 4, so D^(7?^/^(l)) has weight y, and 

D'(772/5(l)) = co0f + ci<f>f<f>2 + ... + C20(pl<pf + ^2102* • 

On the other hand, D satisfies the Leibniz rule and 

I)A = 

It follows that = 0, so 

= 1)2(1) = Co4>f + Ci0f 02 + . . . + C20(f>l4>f + C2l4>f ■ 

In fact, not all coefficients must be shown to vanish, but only those of power 0, 5, 10, 15, 20 
in<^i. 

A good argument for existence of an ODE for the characters has been given in [5]. 
Given n differentiable functions fi, ...,/„ there always exists an ODE having these as 
solutions. Consider the determinant 





(f f 




det 


/i /; 


/r 






An) 
■ ■ ■ Jn ' 
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Whenever / equals one of the the determinant is zero, so we obtain an ODE in 
/ whose coefficients are Wronskian minors containing /i, . . . , /„ and their derivatives 
only. These are modular when the /i, . . . , /„ and their derivatives are (instead of the 
ordinary derivative f^''^ we may take T)*/i), or when they transform into linear combi- 
nations of one another under modular transformations (as the characters do). 
We are not aware of any paper discussing whether or why we the leading coefficient has 
no zeros (so that leading coefficient can be normalised to one). The leading (highest 
order) term of the ODE is 



where for A: = 0, . . . , n, 

Wk = det 



fn 



{k-D M+l) 



Jn 



ik-l) 



Ak+l) 
Jn 



Jn 



We also write W - W„. 

Any character (1) of the (jd, v) minimal model is a modular function (weight zero) 
w.r.t. some subgroup of Fi. The modular behaviour is easy to verify since (1) = ^ ~ 
q", where k is quadratic in r. There are 



M = 



(y-l)Ou-l) 



characters. These should satisfy an order n = M differential equation. has weight 
2k. Thus the corresponding Wronskian has weight 



M-l 



weight WM = 2Yjf = M(M - 1) 



~4 2 T 4 4 



Example 1. For the (2, v) minimal model, n = ^ 
corresponding to Ks = /Ji.j - 



</), q^l + 0{q)) 



M, fs - {l)s is the character 



(23) 



and /j*' = X)''/^ is of the same shape. Thus 



M 



T close to ioo 



( nonzero since the Kj are all different). 

Claim 1. Let ordcoiWu) be the order of vanishing of Wm at <x>. In the (fi, v) minimal 
model, we have 



ordooiWu) 



M(M - 1) 
12 



(24) 
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Proof. For the {ji, v) minimal model we have by definition 

1 

ordco(WM) = 2 Zj '^'■•^ ' 

l<r<;U-l;l<j<v-l 

where Kr,s = ^'"^^/^ - ^ (the factor of 1 /2 is inserted to account for the double count- 
ing). But we verified at an earUer stage that 

M(M - 1) 



Kr,s = 7 • (25) 

l<r</i-l;l<i<v-l 



Remark 2. For ju = 2, eq. (25) is equivalent to vanishing of the coefficient o/Ei^*' ^ 
in the order-M differential operator D^^-^\ 

We already said that W has no zeros since the Ki are all difi^erent (so that there 
cannot be cancellations). 

Claim 2. Let ordp(WM) is the order of vanishing ofWu at a point f e Fi \ H^.' Let 
np be the order of the stabiliser in Fi of any point in H"^ representing P. In the (//, v) 
minimal model, we have 

y —ordp{WM)^0. 
^ np 

Proof By ([6], formula (6) on p. 9), 

M(M - 1) 



ordoc(l^M)+ y —ordpiWu) = ^^^^ (26) 
(it remains to make precise what F is). So the claim follows from eq. (24). 



4 The Teichmiiller variation 

4.1 Heuristic approach 

Let X be a Riemann surface. Let V c X be a coordinate patch with coordinate z- We 
consider an open set U together with a tubular neighbourhood Rd of dU = C (of width 
2d > 0) such that U U c V. Let F be a smooth function of z defined on Rd that 
equals zero resp. one on the outer (Cout) resp. inner boundary curve (Cm) of Rd. We 
extend F by zero outside Rd. Let A be the vector field 

d 

A = aiz)— , 
dz 

where a is holomorphic on Rd and zero outside. We think of or as an infinitesimal 
coordinate transformation 

z f->- ziz) = z + sa{z) , \s\<^l. (27) 



'while Wm for any nonzero weight is not well-defined on the quotient space Fi \ H*, the order of 
vanishing at a point P e Ti \ depends only on the orbit TiP. 
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The interesting case is when a has a meromorphic continuation into the domain U 
which is not holomorphic. Let T(z) be the Virasoro field on X. X = {T(z)) dz^ is a 
holomorphic quadratic difi'erential on V so the contraction AX is a holomorphic one- 
form, which we can integrate over. By analyticity of a (so that diAX) = 0), using 
Stokes' Theorem, we have 

rr (dF) A (AZ) = rr dip a (a^)) = s. fa (az) +£ fa (az) =-<£ az 

Here dF = d^Fdz + {diF)dz so 

{dF) A {AZ) = a{z){d-,F){T{z))dzdz 

We have shown 

^ a{z){T{z))dz= jj fi{z,z){T{z))dzdz. 

where fi = -ad^F is known as a Beltrami differential. 
Lemma 3. Let 3>(w) be a holomorphic field on V. Wfe have 

5w<'l>(w)) = (6<r(z)a)(w)) dz , (28) 
2ni Jy 



where y is a closed path contained in V. 

Proof. All singularities of {T{z)(^{w)) are given by the OPE. The claim follows from 
the residue theorem, since the Laurent coefficient of the first order pole at z = w is 
N-\{T, O) = 50, which is holomorphic. □ 

There is an issue with this formula regarding the uniqueness of T when a is not 
constant. Under a coordinate change (27) on a region where z e D{S), T transforms 
according to 



T{z) 

where S is the Schwarzian derivative. So 



^r-^5(z).i, 



^{T{z)0{w)) a{z) dz = ^{t{z)0{w)) a{z) dz + ^mw)) ^S{z){z) a{z) dz , 
where 

a{z{z)) = a{z) ^, 
dz 

or equivalently, A{z) = a{z) ^ = A{z). An expression that is invariant under coordinate 
change is given by 

^<r(z)<D(w)) a{z) dz - j^<^(^^> "^^'^ ^2 • 

Note that when {T{z)) is holomorphic and a is constant, we recover the r.h.s. of eq. 
(28). 
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For a general genus g Riemann surface with metric tensor G^f , we refer to [2]: The 
Teichmiiller varation of the correlation function (O . . . ) of a finite number of holomor- 
phic fields is given by 

d 1 

^ <a> . . . > = ^ JJ Vg n\z, z){Tiz)0 ...)dzdz, (29) 

where Tj are the Teichmiiller parameters, and G = IdetG^il. ([2], eq. (11), with the 
convention that any A^-point function for A'^ > is to be read with a factor of (1) ' , and 
where d^z = dxdy = ^dzdz). 

Note that VG G^^ is invariant under conformal transformations G^j /IGj^, since 
VG A^I^ VG, where D - 2. G'~ is inverse to G,j and so scales by /I ' . 

We shall consider hyperelliptic Riemann surfaces with a metric of constant curva- 
ture which has 6 singularities in the ramification points (in the sense of a polytope, 
Gauss-Bonnet Theorem). This ensures that the curvature does not lie on the integration 
path, for whichever path we take. 



4.2 Constructive approach 

Let Xi be a compact Riemann surface of genus g = 1. Xi is biholomorphic to the torus 
C/A (with the induced complex structure), for the lattice A spanned over Z by 1 and 
some T G H"^. 

We describe a procedure to change the conformal structure on X by cutting out a 
disc f/ c V, shifting it according to 

z^ z + as , e e C, |e| <sc 1, 

for some a > and pasting it back into V. Let V contain the closed disc Dr(zo) of 
radius R about zo- Take < a < | and d = With this choice. 



ae 
4d 



(We shall later vary d, but keep as fixed.) Let R' := R-a. The deformation of stretching 
and forging on an angular region around S r'(zo), of thickness 2d, is described by any 
smooth monotonically decreasing function 

F : [R'-d,R'+d] [0,1] 

and we obtain the fuU deformation by extending F continuously to 



F(r) = 

More specifically, let 



for r<R' -d 
for r>R' +d 



F{r):=^{R' +d-r). 



For Z-ZO-. re''f', set fiz) := F(|z - zol). We have 



for r€(R' -d,R' +d) 
for rtiR'-d,R'+d) 
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Note that R' - d > > 0. f gives rise to the Beltrami differential 

sad-J i-se'f for \z- zo\ € (R' - d,R' + d) 

H{z,z) = — — ~ sad-J =\ . . (30) 

1 + sad J 10 otherwise 

Lemma 4. Suppose g = \, VgG^^ = 2, and /x is given by (30). Let <!>bea holomorphic 
field. We have 

lim A (o(h;)) = (f {T{z} a)(w)) dz , 

provided |w - zol < R'- In particular, 

d as r 

lim _<7) = — d> {T{z))dz. 

d\Q dT Am J^.,(,„) 

Proof. For g = 1, eq. (29) in polar coordinates (with dzdz - jj drd<p) reads 

I- (3) . . . ) = — rr /i(z, z)(r(z)0(w)) dzdz 
OT m J J 

as r^" r^'^'' re''^ 
= 1- I —{Tire"^+zo)<fiw))drdcf>, 
An Jo jR,_d 2d 



since a = Ad. Let la be the functional 



For any / e D(Id), we have 



f(r)dr. 

R'-d 



Um:^ =/(/?') 

d\Q 2d ■' 



(lim^^o is the morphism given by evaluation at R' .) Therefore, provided that 

r{T{re'^+Zo)^iw))&D{Id) (31) 

we have 

lim ^ {<b{w)) = ^ r R'e^{T{R'e'1' + zo) ^{w)) d(/> . 
d\o OT An Jo 

Substitute u := e"*, 

5 as r^" 

lim — <<D(w)) = R'{T{R'u + zo) a>(w)) . 

d\o 5t 4;rj Jo 



Now set z : = R'u + zo, 

d_ 

KodT Ani 
It remains to verify condition (31) or a sufficient weaker condition. 



lim ii <(D(w)) £ {T(z) a>(w)) dz . 

Am TsL 



Remark 5. Our construction reproduces the variation (28) for or = y = 1 and y — 
S^fXzo)- Note that y may he contractible on Xi or not We may take y = ai, the real 
period. In this case zo is not a point on Xi. 
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4.3 Differential equation for (1) for g = 1 

Let Xi be the genus 1 Riemarm surface 

Xi : /=/j(x), degp = 3. 
The Virasoro one-point function on Xi reads ([4], Theorem 1) 

= 4!£T!a)a^, (32, 

32 p-^ 4 p 

where ®{x) = Aqx + A\ with Aq, Ai oc (1) constant. We don't know yet A\ but Aq = 
-cao(l) where ao is the leading coefficient of p. 

Lemma 6. Let 

p^4(x-Xi)(x-X2)(x-Xi). 
For ^ = {^1,^2, ^s) G C^, we define a deformation of the Riemann surface by 

Xj^Xj + ^j, 7 = 1,2,3, 

where = dXi Assuming 

3 

Ti=Y,Xi = 0, (33) 
j=i 

we have 

Remark 7. The l.h.s. makes good sense since when A^"^ = {X\ - X2)\X2 - X^y-iX^ - 
X\)^ = (det Vs)^ is the discriminant (det V3 is the Vandermonde determinant), we have 

E2{t) dT~dlogA^ 2c/ log det = -3 ( — — + cyclic 



(Xi-X2)(X3-Xi) 



Here we used that by the fact that X\ = 0, 



d det V3 = {dXi){X2 - X3)(X3 - Xi) - {dXi){Xi - X2){X2 - X3) + cyclic 
= {dXi){-lXi{X2 - Xi) +Xl- Xl) + cyclic 
= 3{dXi){Xl - Xf) + cyclic 
= - 3Xy{dXY){X2 - X3) + cyclic 

Proof. For j = 1, 2, 3, let jj be a closed path enclosing Xj no other zero of p. For j = I 
we have 

IX f c <1> c <1) c (1) 

— (h (Tix)) dx = 2 Urn (X - Xl) {Tix)} - — - - . ^ . , - - . ^ 

2m J2xyi ■« ^ ^1 [ 32 (x - Xi)-^ 32 (x - X2)^ 32 (x - X^)-^ 

I I c(l) . c(l) ^ ©(Xl) 



8 \Xi - X2 X\ - X3 (Xl - X2)(Xi - X3) 
1 c(-2Xi + X2 + X3XI) - AqXi - Ai 
8 (Xl - X2)(X3 - Xl) 
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Write X = (Xi.Xi.Xa). We have 



Ao \ (^1 - 6)^1^2 + - 6)^2^3 + (6 - ^O^sXi 



(Xi -X2)(X2-X3)(X3-Xi) 
2c ^liXl - ^3^) + ^2(4 - + - Xl) 

^16 (Xi-X2)(X2-X3)(X3-Xi) 

(^1 - ^2)X3 + (fe - + (fi - ^l)X2 

16 ' (Xi-X2)(X2-X3)(X3-Xi) 

When (33) is imposed, we have 

^i{Xl - Xl) + cychc = - ^iXi{X2 - X3) + cyclic = -(^1 - ^2)^1X2 + cyclic. 
Since ao = 4, we have Aq = -4c(l), and we obtain 

8 det V3 

1 i^i - ^2)X% + cyclic 

8 det Vi 

We check by computation that 

{Xl + Xl) d{X2 - X3) + cyclic = - x\d{X2 - X^) + cychc. 

Moreover, by 

X\{X2-X:,)= -X,{Xl-Xl) 
and the fact that X\ = 0, we have 

d{X\{X2 - Z3)) = - d{X,{Xl - Xf}) 

= -(Xl- Xl)dXi - X\d{Xl - X]) 

= Xi{X2 - Xi)dXi - 2Xi{X2dX2 - X^dX^) . 

Now 

Xi{X2dX2 - X3JX3) + cychc = - Xy{X2 - Xi)dXi + cyclic, 

so 

d{Xl{X2 - X3)) + cyclic = 3Xi(X2 - Xi)dXy + cyclic. 

Using the binomial formula, we find that 

X2Xid{X2 - Z3) + cyclic = X\d{X2 - X3) + cychc 

= d(X\{X2 - X3)) - (X2 - X3)d{X\) + cyclic 
= 3Xi(X2 - Xi)dXx - 2XiiX2 - X3)dXi + cyclic 
= Xi(X2-X3)JXi + cyclic 
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So 

X2X3 h cyclic = h cyclic 

detV3 ^ (Xi - X2)iX3 - Xi) ^ 

Moreover, by the fact that Xi = 0, 

Xid{X2 - X3) + cyclic _ t/(Xi(X2-X3) + cyclic) _ {dXx){X2 - X3) + cyclic) 

detVs ~ dety3 detVs 

dXx 



(Xi-Z2)(Z3-Zi) 



+ cyclic 



We conclude that 



■'<'>°i<'>( ,x.-x!;,l-x., -H 

- -A I I — h cyclic 

8 \{Xi-X2){Xi-X^) ^ 



Theorem 1. Let 

p = A{x-Xi){x-X2){x-Xi). 
For ^ = (^1,^2, ft) £ C^, we define a deformation of the Riemann surface by 

Xj^Xj + ^j, j= 1,2,3. 

Under the assumption 

3 

Ti=Y,Xi = = Yj^i=Ti, (35) 

1=1 

the partition function {1} satisfies the ODE 

, cni ^ , dX\ 1 Ar 

d-—E2dT + const - j (7 ) = — - . 

where A is the inverse length of the real period. 

In contrast to the ODE obtained for (1) in the analytic coordinate, the ODE for (1) 
in the algebraic coordiante comes with a covariant derivative. Indeed we have 

(1),~<1),A^ 

i.e. (1)^ is not modular. 

For the proof of the Theorem we need the following auxiliary 

Lemma 8. Let X) be a symmetric polynomial in ^ = (^1,^2,^3) and X 

i X , X2, X3) which is linear in ^. Then for some index set I e (No)' we have 

(Here the line over the monomial denotes its symmetrisation.) Moreover, for k > Q 
there exist symmetric polynomial p'^^'^'"^{X) such that 
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Proof. (See Appendix B) □ 

Proof, (of the Theorem) Since Xi = and the leading coefficient is uq = 4, we can 
write 

p - 4(x^ +ax + b) 

where 

a = -30/G4 = -yt'*^4 
b= -70A'G6 = -^A''E6. 
We have X)4E4 = -E^/S and Xjgiig = -E^/2 and the following identities (for A = 1): 



2a''—a + 9b—b ■■ 



dr 



dr 



27r'2 2d 



27 



Ee ^ 1 

-* i 

3 



E^ 



Eii-Y + ^EiEi) - -Ee (-^ + -£2^6) 



81 



MeI-eI] 



d d d 2ni d 2ni 

9b—a-6a—b=9bi- —£2)0 - 6 a (-. —E2)b 

dr dr ar 3 dr 2 

= 2m (9 b -6a Defc) 



27 

An 



-(Ei-Ei) 



12 



A^''^:=-Aa'-27b' = ^iEl-El) 



27 



In the following we will establish the connection between these expressions 'ma,b and 
formula (34), which we rewrite as 



1 detE3,o 
^1 



detVa 8 detVs 



(37) 



for the matrices 







X2 








Xi 


Xi \ 




'1 


Xi 




^3,0 = 


1 


1 


1 




1 


1 


1 


, V3: = 


1 


X2 








^2 


ft J 




.^1^1 


^2X2 


ft^3. 




U 


^3 


A3; 



(Vs is the 3x3 Vandermonde matrix.) It is given by 



det H3_o V3 =9bda- 6a db 
det H3,i V3 = 2a^ da + 9b db 
(dstVif =A^°^ = -Aa^ -27 b^ 



(38) 
(39) 
(40) 



where d - ^ + We also have 
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Eq. (40) is standard since (det V^)^ - A^"^ is the discriminant of p/4. To show eqs (38) 
and (39), we first compute a, bin terms of ^ and X. To simpUfy expressions, setd = ^ . 
Using Xi - and ^, = dXi, we find 



a = 2 XiXj = X1X2 , da = Yj(dXdXj = ^ 



b = -Z1Z2X3 , 



i/^? = - {dXx)X2Xi - X\{d'^2)Xi - XxX2{dXi) 



= - ^1^2^3 - ^2^1 ^3 - ^3X1X2 = -^1X2X3 . 

We have 

1. To show (38), let a,/3 e Q. On the one hand, 

aadb+pbda^ - aX^ -J^X^ - P XiXiX^ -J^ 



^ -{a+P) ^iX^XpC^ - a ^\XlX\ . 

Here any replacement using Xi + X2 + X3 = gives rise to a power > 3. On the 
other hand, using X\ = = ^1, 



detHs^odetVs = det 



det 



^2 6 

Xi 

U 1 1 





'1 


Xi 


xh 




1 


Xi 






u 


X3 





fiXi ^1X2 




2^ 



(41) 



= 3 iy^iXxXl - ^xX\X^^ 

= - 3 (^iXiX2(Zi + Z3) + ^iZ^Zf) 

= -3(2^1X2x2+^1X1X2X3) 



Again, any replacement using Xi + X2 + X3 = gives rise to a power > 3. Thus 
we can conclude by comparison that 



a+j8 = 3 . 



Moreover, we must have 



or^iX^x^-e^iXfx^ = 



2v2 



(6^1 + 6^2 - a^i)X\xl 
+ (6^1 - afo + 6^3)X2X2 
+ (-a^i + 6^2 + 66)X2X2 



0. 



Since no root is zero, we conclude from ^1 + ^2 + ^3 = that a - -6, and /3 -9. 

The second conclusion could have been obtained more easily by setting X, = f,- 
in eq. (41). This is possible since X and ^ satisfy the same condition (35), and it 
yields 

= det = (3a + 2/3)ab = (a + 6)ab =^ a = -6 , /3 = 9, 
using da = 2a, db = 3b, and a +p = 3. 
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2. To show (39), we observe that for ^, = X„ 
detH3,i|f=x = det 

so that 

det H34 |f=x det Va = - det 



(xl X\ X^^ 



Xi 
1 



X2 X2 
1 1 



(1 Xi x\ 



2\ 



1 X2 x^ 
A3, 



U ^-3 



= -(dety3)^ = -A^"' 



where the r.h.s. is given by (40). On the other hand, da = ^1X2 = 2X1X2 = 2a 
and db = -^1X2X3 = -3X1X2X3 = 3b. So let y, // e Q. We have 



-A*"' = 4a^ + llb^ = 2ya^+ 3r] b^ 



y = 2,77 = 9, 



In view of a generahsation to higher genus (greater n 
different proof of the Theorem. 



Proof. If we set 



1=1 



= deg p), we shall provide a 



3^? 



then the condition (35) continues to hold, and we have 





'^l - ^0 ^2~ ^0 X3 - ^0 




'X2 


n 


xf 






^0 




det 


Xi X2 X3 


= det 


Xi 


X2 


X3 


- det 


Xi 


X2 


X3 




I 1 1 1 J 




ll 


1 


ij 




ll 


1 





the latter determinant being zero. Thus for the present choice of ^, 



det 



Xi xf x[ 
13 Yi X2 



= -A(« 



where A'"^ is the dicriminant (40). 

On the other hand, by the fact that Xi = 0, 



^0 



1 -7 

3^? 



■X1X2 



2a 



X^ = - 3X^X2 - 6/7 



XfX2 = XiX2(Xi + X2) = -'ib 



so 



da= - ^1X1 = -X\ + ^0X1 = -Xl = -3b , 

db= - = -^iM + = fcXT + ^oa = ^oa = -| 
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We conclude that 

A^"' = -4a^ -27b^ =aadb+pbda = —aa^ -3pb^ 

thus a = 6 and f5 -9. The statement on the other determinant is proved as above. □ 

The formulation in terms of determinants generalises easily to higher genus (cf. 
Appendix A). 

4.4 Differential equation for {T{x)) for g = 1 
Let Xi be the genus 1 Riemann surface 

^1 : = P{x) , deg;> = 3. 
The cormected Virasoro one-point function on Xi reads ([4], Theorem 2) 
{T{xi)T{x2))c PiPi = ar'R(xuX2) + O (1) , 

where /?(xi,X2) is a rational function of xi,X2 and yi,y2, and 0(l)Uj=x2 denotes terms 
that are regular on the diagonal xi = X2. The rational function is given by 

R(XUX2)='^{1} '''' 



A' '{X1-X2Y 

+ It<i>- '''''' 



32' '(Xi-X2)2 



/ 1 

+ ^3'i3'2(l> 



+ -(xi+X2)' 



(Xi - X2)2 2 (Xi - X2)2 



^ 1 P1Q2 + P2Q1 
8 (Xi-X2)2 

,[1] 

^ A / „ Ivl _ lvl\ I /■ 



32 \ (xi - X2)^ 2 (xi - X2)^ 

Here for j = 1, 2, we have used the notation pj = p{xj). For n = 3, the polynomial 0^^ 
is absent, whence we shall write 0(x) in place of ©^^^(x), 

0(x) = -caox(l) + Ai , 

where ao is the leading coefficient of p, and Ai oc (1) is constant ([4], Theorem 1). The 
0(1) term is given by 

1 c 
--do (xi02 + X20i) - -(l)a^xiX2 + Ctil 

o o 

where ao is the leading coefficient of p, and C^'^ oc (1) is a constant. 
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Lemma 9. Let 

p^Mx- Xi)(x - X2)(x - X3). 
For ^ = (^1,^2,^3) G C^, we define a deformation of the Riemann surface by 

Xj^Xj + ^j, j= 1,2,3. 

Assuming (35), we have 

dinx2))-^^il)'-{^,.cycUc) 

_ l/^i(A:-4c<7)X,) I . 

16^ (x-X,)2 iX,-X2){X,-X,) ^ I 

+ — <7) + cyclic 

'\Oix-X2){X3-X{) ^ 

1 / ^iAi(x + Xi) 

+ cyclic 



4p\(Zi-X2)(X3-Zi) 
+ {l)-\T{x))d{l) . (42) 

Proof. For 7 = 1, 2, 3, let jj be a closed path enclosing Xj no other zero of p. 
d{T(x2)} =Yj[^§ {nx)T{x2)) d^ dXj 
= g j5 {Tix)Tix2))c dx^ dXj 

I il^ {T{x)T{x2))c dx\ dXj + (1>-'(T(X2)> d{l). 



Here {T(x2)) is given by formula (32), and d{l) has been computed in 6. The terms 
oc y\y2 do not contribute: The path y in is obtained by projecting down a closed path 
y on X. Thus we have to run around y twice, with the square root y having opposite 
sign on the two tours. 

Let yj be a closed curve on containing Xj. When we vary all three ramifications 
points, this means that X2 must be enclosed by three curves containing Xi, X2 and X3, 
respectively. 
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Thus for 7 = 1 we have 

(£■ {T{x)T{x2))c dx 
J2xri 



P'p'i , 1 ,.,-1 p@i+pi® 



= 2 lim (jc-Xi)l- ^—; + — + -<1) 



A{x- X2y 32 {x - X2)^PP2 8 (x- X2)^PP2 

+ ^^^^ (1)"^ ■^^^ ^^'^ 

PP2 8 ;>;>2 8 

1 P'2 , 0(^l) 



16 (Xi - X2)2 P2 4' ' (Xi- X2fp'{X,) 



p'(Xi)p2 4 p'(Xi)p2 4 p'(Xi)p2 4 p'(Xi)p2 
1 /'2 , ^0^1 +Ai 



16 (X2 - Xi)2 p2 4 ^ ' ao(X2 - Xi)2(Xi - X2)(Xi - X3) 

2C['J gpc Xi X2 

a0P2(Xi-X2)(Xi-X3) " ~(Xi-X2)(Xi-X3)^ 



+ 



_ 1 Xi ©2 _ 1 1 ApXi+Ai X2 

4^ ^ (Xi - X2)(X| - X3) p2 4^ ^ (Xi - X2)(Xi - X3) P2 

Plugging in Aq = -aoc{\) and Aq - 4, 



16 p ^{x-X\Y ' 



1 ^ ^i(-4c<l)Xi+Ai) 1 . 
T h cyclic 

16*^ (X-Xi)2 (Xi-Z2)(Z3-Zi) ^ 

- 2^<1H(X,-X2)(X3-Z,)-^^^^1^^) 

cx / £] X] 
+ — (1) — + cyclic 

'\{X^-X2){X^-Xi) 

_^ -4c(l)x + Ai 



Ap 

X /^i(-4c<l)Xi+Ai) 



((Xi-x2)(X3-zi) 



+ cycli( 

4/,\(Xi-X2)(X3-Xi) ^ 
+ {l)-\T{x))d{l). (43) 



□ 



On the other hand, we can straightforwardly differentiate {T{x)), given by (32). 
Lemma 10. 

d 



{T{x)) = C,{T{x)) + C2{x){l) (44) 
ds 



where 



I d d 
Ci =<7)-'— <7) = — log(i) 
ds ds 

C2KX) = — — — — y + cyclic — + cyclic h 



16 p \(x-Xi)2 / p \x-Xi 



Here we introduce 



bc:= 



4 

Proof. We have 



^@{x) = -c{l){x-b). 



Now 



d{Tix)) = be d{l) + {l)\—d\^^\- cd 



c aVp'\ \ , x-b 



Since d = X%i dX j ^ and y = -^^^ + cyclic, we have 



c A[p'Y\ c p' I ^ 



and 



\ = {x-b)d = -{x-b)^ 

PI P P P^ P 

= (x-fc)f-^+ cyclic)-— (46) 
\x-Xi j p 

This yields CiCx) as claimed. □ 

The expressions for d{T{x)) given by eq. (44) and eq. (43) must be equal. {\y^{T{x2))d{V) 
and expression (45) are manifestly present in both formulas. Moreover, we have 

Lemma 11. We have 

Cf^i(Xi-b) 1 



4 - Xi)2 (Xi - X2)(X, - X,) ^ '^'''"'l 

-^((x.-xjk-xo"^^^"^) 

cb I ^iXi 
H h cyclic 

p \iXi - X2)(X3 - Xi) ^ , 

cx( U^i-b) ^ \ cl^x-b) \ cdb 
' + cyclic = — — — + cyclic + 



(47) 



p \(Xi-X2)(X3-Xi) / p \ x-Xx 

Proof. Direct computation. 
This yields the following 

Proof. Using partial fraction decomposition, 

x-b x-b 1 X\ — b 



p 4(x - Xx){x - X2){x - X3) {X - Xx) 4(Xi - X2)(Xi - X3) 

Thus 

c^x(x-b) c{ ^i(Xx-b) 



+ cyclic. 



p{x-Xx) 4 \ (X - Xi)2(Xi - X2){Xi - Xx) 

^2{Xx-b) 



+ cyclicj (48) 
+ cyclic 



4 \ (X - Xi)(x - X2)(Xx - X2)(X3 - Xx) 

HXx-b) 

H — h cyclic 

4 I (X - Xi)(x - XM - X2)(Xi -Xx) ^ 
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The term on the r.h.s. of equation (48) cancels against the term in (47). Multiply both 
sides of the claimed equaUty by pjc: 



h cyclic 

+ b I 1_ QYQjjQ 

/ fl(^l-fc) ,. \ l ^dX3-b)(x-X2) \ 

- X — — — + cyclic = — — — + cyclic 



(Xi - X2)(Xi - Xi) ' I UX2-XM-X1) 



Ui(X2-b)(x-X3) \ 

'\iXi-X2)iX2-X3) 7 



+ db 



Solving for db: 



+ cyclic 



(Xi - X2){X3 - Xi) 



^l(X2-fo)X3 , ^dX3-b)X2 

■ cyclic 



(Xi - X2)(X2 - Xi) (X2 - X3)(X3 - Xi) 
I ^l(X2-b) ^l{X3-b) 

+ x\ h cychc (50) 

\ (Xi-X2)(X2-X,) (X2 - Xi)(Xi - XO ' ' 

Here the terms proportional to x drop out: (50) reads 

^i(X2-b) ^xiX^-b) 



{Xi-X2){X2-X3) {X2-Xi){Xi-Xi) 



+ cyclic 



^ {X2 - b){X3 - Zi) + (Z3 - b){Xr - X2) 
= — ci H cyclic 

(Xl-X2)(X2-X3)(X3-Xi) ^ 
Xl-b 

= ti y cycuc 

^\X,-X2){X3-Xi) ^ 

which is expression (49) with the opposite sign. Reordering, 

( i^i{Xl:-Xh 
db =b\ '■ = ^ + cychc 

[iX,-X2){X2-X,){X,-X,) ^ 

!;\X2Xi t;\X:-,Xi \ 

+ cychc 



(Xi - a:2)(X2 - X3) (X2 - X3)(X3 - Xi) 

27((X,-X2)(X3-X0"^^^^") 
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ButXi = 0, so 



and 



4*1-^1 

db = -b\ h cyclic 

\(Xi - X2)(X3 - Xi) 

^1X2X3 ^1X3X2 

+ cyclic 



(Xi - X2)(X2 - X3) {X2 - X3)(Xi - Xi) 



+ cyclic O = 



(Zi-X2)(X3-Xi) ' )) \iX,-X2)(X2-X3) (X2-X3)(X3- 

( 1- cyclic) 

2c HXi - X2)(X3 - Xi) ^ > 



Example 2. In the (2, 5) minimal model for n — 3, with 

p{x) = 4(x^ - 3OG4JC - 70G6) , 

we have 

C^^^ =-5\cGA{l)-{l){bcf 

where c = -y. 
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A Outlook: Higher genus differential equations 

When deg p = n,we have [4] 

@(x,y) = ®^^\x)+y&^\x) 

with deg 0t'^(x) = n-2. does not contribute as it gives rise to poles of half integer 
order, which drop out when the contour integral is taken. We will consider the case 
n = 5 ig = 2). Here 0'''^ is absent and 

(Tix)} = rr^d) + 7 — ■ ^ — . 

32 4 p 

In order to establish the ODE governing the change of (1) under a shift of the 
ramification points, we need a couple of auxihary statements. 

Claim 3. For n = 5,we have 

Y]{X, - Xj) Yl (Xk - Xe) = (-1)©A(« . 



e*k;k*s 



where A*"' is the dicriminant. 
Proof. 



W{X,-Xj) W (Xk-Xt)=W{Xt-Xt) 

m 

= (-lPY]^Xk-X(f 



e*k\k*s 



(>k 

= (-1)©A(0) 



For)fc = 0,...,3, let 













x\ \ 










A 


A 






Xi 






X5 




1 


1 


1 


1 


1 




kiX\ 


^^X\ 




^aX\ 





Claim 4. For k = 0, . . .,3, we have 
5 



^sX', Yl (^k - X() = det Vs det H5,, , 



s=l e*k;k*s 

where det V5 is the 5x5 Vandermonde determinant. 
Proof. We first show that 

5 



detS5,,= n ^^k-Xt) 



(52) 



k<e-xe*s 
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We shall do that by proving that 

detM,= Y] (Xk-Xe), 



(53) 



k<(;k,(*s 



where 





xl . 


..xl . 




x\ 


xl . 


..X? . 


■ n 




Xl . 


..z, . 


■ Xs 


1 


1 


...T . 


■ 1 J 



:= 



We permute the rows of so that the order of the occurring powers increases with the 
row number. This permutation 



3 2 




2 1 0\ 
1 2 3j 



(0 3)(12) 



has sign (-1)^ - 1. Then we transpose the matrix so as to obtain a Vandermonde 
matrix for the index set { 1 , 2, . . . , . . . , 5). This yields 

detM, = (-l)2 Yl (Xk-X() = (-lf(-lf2) Y] (Xk-Xe) 

k>(;k,e*s k<t;k,Hs 

So the determinant is given by (53), and (52) foUows. To conclude, it suffices to show 
that for any 5 e {1, . . . , 5}, 



W {Xt - Xt) = det V5(-1)W*I*<^1 det M, . 



(*k;k*s 



Indeed, 



Y\ (Xk -Xi)^ Y[ {Xt - Xe) W iXk - Xt) 

t+k;k+s t<tMs k<l;k+s 

= W{Xk-XdW{X,-Xd-' W{Xk-Xi) 

e<k e<s k<t;kts 

= detVs ]~[(X,-X^)-' Y[ (Xk-Xe) 

t<s k<t;k+s 

= det Vs (-1)«*<^' Y[{Xk - X,)-' W (Xk - X() 

k<s k<{:;ki^s 

= dety5(-l)'*''l*^" W {Xk-Xe). 
which is the required identity. 



k<(;k,t*s 



For any nonempty subset S c {1 , . . . , 5}, we define the restricted elementary symmetric 
functions 



(r'^'{X)^l 



its 



j<k:j.k<ts 

^ XiXjXk , 



<7f'{X) 



i< j<k;i,j,ktS 
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etc. When the argument is omitted, a} , we mean C7fHXuX2,...,X5). Fork 
0, . . . , 3, let 





4 










1 


1 




V ^5\{i,2) 



Xl 






xl 




n 


X5 


1 


1 


1 









Note that 

2 erf W = Qcrf ^'(X) = Qcrf ^' W = 3a-f^'\x) , 
J](r^^^'''\X) = 2a-^^^'\X) 



and in particular 3 - 4H53. 

Claim 5. 

5 

2 n " Z n^^^ " = '^^^ detS5,3 - detS5,2 + detSs.i - detSj.o) 

Proof. Using the restricted elementary synmietric functions, we have, for any i e 
{1,...,5}, 

Y[{Xs - Xj) = X] - erf I'-^'X^ + erf "'^'X, - erf , 

SO 

5 5 

X n - z n^^* - = z z n - 

-Z(z-f"i^^^.' n ^^^-^^) 

5 



+Z(z-2^"i^^^^ n^^^-^^) 



s=l iVi e*k;k*s 



= det V5 (4detH5,3 - detSj.z + detSj,! - detS5,o) . 
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Altogether we obtain the 



Theorem 2. Let n ^ 5 (g = 2), and p = ao UU(^ - ^d- For £, = e 
consider the deformation 



we 



Xi\^Xi + ^i, i= 1,2,3. 



We have 



(. <7)f=o det y5(det253 - det25,2 + det25,i - det25,o) 

^^^^ = 8 W> 

1 Ao det Vg det S53 1 A 1 det Vg det 25,2 1 A2 det Vg detHsj lAsdetVsdet 

2 aoA(O) 2 aoA(O) ^ 2 aoA^) Y 



Proof. 
d{V) 



13^ W2xy. 



= ^ £ 2 <1> + 1 ^^^^^ + '^l^' + ^2^' + ^3)lf=0 



5 / 



2 



y c y {V)^=Q Wj^.AX, - Xj) KAqX^+AiX^+AzX, +A3) 



aoA(O) 



dX, 



When we expand the fractions we wiU obtain 2^2) factors in the denominator. Indeed, 
every factor (Xj - Xj) in this product occurs twice but with X, and Xj exchanged in 
order. We expand the s'th summand by WM-Ms^-Xk - X[). This yields 

, , _ c <l)f=o Iij=i 6 We+k-M-AXk - X[) Y^i^s n j*s,iiXs - Xj) 
^ ^"8 (-1)(Da(0) 

1 ZLi ^j^.; HmMs(Xk - X() 

2 ao(-l)©A(0) 

2 ao(-l)©A(0) 

2 flo(-l)©A(0) 
1 ^3 Zj=i Y\m-Ms(Xk - X() 
^ 2 ao(-l)©A(0) 



The claim follows from the above identities. 
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B Proof of the auxiliary Lemma 8 

Proof. It is sufficient to show eq. (36), which is done by induction on m + ni + na. We 
may assume n,- = for one i e {1,2, 3} since otherwise the monomial is divisible by 

1. If = (where ni is the index of the ^ component) then we have 
^iX^^Xf = (^1 +^2+ ft) xl%' - ^2X^%' - ftX^^Xf 

Thus 



^iXl%' = (ft + ft + ft) X^'X;' - ^2X"^%' - ft^^x;' 

= (^1 + ft + ft )Po'"''(^i ,X2,X3)-2 ftxf^. (54) 
The second term on the r.h.s. of eq. (54) is discussed in 2, by renaming tii as n2- 
2. If ^2 = (where n2 is an index that differs from that of the ^ component) then 



2^xX\'X\' = (ftZ;" +ftX^')X^' 

= (ftX"' + ftX"' + ftX^')^ - ft^^ 

= (ftx;" + ftx^' + ftx^')p^f "'=(Xi,X2,X3) - ft^ 



We conclude that 

i- v«2v"3 - „'=y'=li'=7" , „cyclic7~r7i7 cyclic „ -^rKj+na 
ftAj Aj ft+/5„, ftAj +/'„2+«3ft^3 

/; V«i V"3 _ „ cyclic^ cyclic TT;7i7+kJ 

giAj A3 -p„j ^lAj +p„2+n3""^3 

□ 
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